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Abstract

This paper is concerned with the estimation of state trajectory of linear discrete time
dynamic systems subject to parametric uncertainty over the compound erasure channel
that uses feedback channel intermittently. For this combined system and channel,
using the data processing inequality and a robust version of the Shannon lower bound,
a necessary condition on channel capacity for estimation of state trajectory at the
receiver giving almost sure asymptotically zero estimation error is presented. Then,
an estimation technique over the compound erasure channel that includes an encoder,
decoder and a sufficient condition under which the estimation error at the receiver
is asymptotically zero almost surely is presented. This leads to the conclusion that
over the compound erasure channel, a condition on Shannon capacity in terms of
the rate of expansion of the Shannon entropy is a necessary and sufficient condition
for estimation with uniform almost sure asymptotically zero estimation error. The
satisfactory performance of the proposed technique is illustrated using simulation.

Keywords: Estimation, networked control system, Shannon entropy.

1 Introduction

1.1 Motivation and Background

One of the issues that has begun to emerge in a number of applications, such as networked
control systems[1]-[22], is how to estimate the state trajectory of a dynamic system over
a communication channel subject to imperfections (e.g., noise, limited capacity). In these
applications, estimation means how to transmit information about the state trajectory of a
dynamic system and reconstruct it reliably in real-time at the receiver. In these applications,

it is essential to find methodologies for designing proper estimator over, for example, data

*A. Farhadi is Assistant professor in the Department of Electrical Engineering at Sharif University of
Technology, email: afarhadi@sharif.edu. This work was supported by the research office of Sharif University
of Technology.



Information Source (Dynamic System)

|
! |
! |
|
: e o
R —
| | | |
! l Limited Capacit I |
i State Dynamic > S : »| Encoder > Compoupr‘]d Y L > Decoder/ _»} Destination i
! i ekl " "| Erasure Channel Estimator ! Node/ i
: | A ! Controller i
| | !
|
| | '
| |

Feedback
Channel

Figure 1: Communication System (CS).

links subject to data dropout and limited capacity.

In this paper we consider the problem of estimating the state trajectory of a linear
time-invariant dynamic system subject to parametric uncertainty over the limited capacity
compound erasure channel (i.e., the packet erasure channel with unknown erasure probabil-
ity) that uses feedback channel with duty cycle 5 € (0, 1], where § is a rational number as
is shown in Fig. 1. f = 0 means non-availability of feedback channel while 8 = 1 means full
time availability of feedback channel. In some emerging applications, such as tele-operation
of micro autonomous Unmanned Aerial Vehicles (UAVs) and Autonomous Underwater Ve-
hicles (AUVs), it is necessary to transmit the observation signal of the dynamic system to
remote base station where the controller is located over a limited capacity communication
channel subject to imperfections. Thus, in these applications it is necessary to estimate the
state trajectory of the dynamic system using the transmitted observation signal over com-
munication channel to produce the proper control commands. The block diagram of Fig. 1
presents the block diagram of this estimation problem that occurs in tele-operation of micro
UAVs and AUVs.

Although it is known in the context of information theory that feedback channel does
not increase the capacity of Discrete Memoryless Channels (DMCs), it significantly simplifies
the design of encoder and decoder [23] that compensate the effects of channel imperfections
and reliably estimate the state of the system in control over communication problems. The

simplicity in the design of encoder and decoder is a required property in control over com-



munication as complicated design results in significant time latency between making mea-
surements from dynamic system and applying the corresponding control commands, which
obviously damages the performance. This motivated us to use feedback channel in the block
diagram of Fig. 1. Nevertheless, the full time availability of feedback channel (i.e. g = 1)
in the block diagram of Fig. 1 requires that the feedback channel signal is transmitted with
high power full time. This results in significant power consumption at receiver in order to
transmit noiseless feedback channel full time. Therefore, it is more desirable to use noiseless
feedback channel that is only available intermittently (i.e., 5 € (0,1)) to avoid exhausting
receiver power supply.

In the block diagram of Fig. 1, the communication channel is a limited capacity com-
pound erasure channel. This channel is a packet erasure channel [18] with unknown erasure
probability. The packet erasure channel is an abstract model for the commonly used in-
formation technologies, such as the Internet, WiFi and mobile communication; and for this
reason we consider it in this paper.

As the class of linear dynamic systems is an important class of systems, in the block
diagram of Fig. 1 we are concerned with the class of linear time-invariant dynamic sys-
tems. Having chosen a suitable dynamic model for the system, the defining parameters of
the system are usually estimated from a sample of experimental data. But, there is always
uncertainty associated with any estimation. This results in parametric uncertainty in many
models. Therefore, systems subject to parametric uncertainty form a large and important
class of dynamic systems and have been considered in many studies, such as [24]-[27]. Hence,
in this paper we are concerned with the state estimation of linear time-invariant dynamic
systems subject to parametric uncertainty over the compound erasure channel.

The problem of almost sure estimation of linear time-invariant dynamic systems over the
packet erasure channel that uses feedback channel full time has been addressed in the liter-
ature (e.g., [11], [18]). In [18] it was shown that the eigenvalues rate condition described by
the Shannon capacity is tight. That is, the following condition C > 3¢5, (ay>13 log [ Ai(A)],
where C denotes the capacity of the DMCs and \;(A)s denote the eigenvalues of linear time-
invariant noiseless dynamic system is the necessary and sufficient condition for an estimation
over DMCs with almost sure asymptotically zero estimation error. Linear time-invariant dy-
namic systems subject to uniformly bounded exogenous disturbances over the DMCs (with
and without feedback channel) has been also considered in the literature, in which it has
been shown that the following condition Co > Y g, (a)>13 l0g [ Xi(A)[, where Cy denotes the
Shannon zero error capacity [23] is the necessary and sufficient condition for estimation over

DMCs (with and without feedback channel) giving almost sure asymptotically bounded es-



timation error [22] (i.e., limsup, ,.. || X; — X;|| < 0o, where X, is the state of the system and
X, is its estimate). As the Shannon zero error capacity of noisy DMCs with and without
feedback channel is zero, this result indicates that we cannot estimate the states of linear
time-invariant dynamic systems subject to uniformly bounded exogenous disturbances over
noisy communication channels. The problem of almost sure bounded stability of controlled
nonlinear Lipschitz systems over the digital noiseless channel was addressed in [17], where
a sufficient condition relating transmission rate to Lipschitz coefficient is presented for al-
most sure asymptotic bounded stability. Note that the problem that will be addressed in
this paper is quite different as we consider different dynamic system, different communica-
tion channel and different objective. In this paper we present the necessary and sufficient
condition for uniform almost sure asymptotic estimation of linear time-invariant dynamic
systems over the limited capacity compound erasure channel. The problem of optimal refer-
ence tracking of linear time-invariant dynamic systems over Additive White Gaussian Noise
(AWGN) channel was addressed in [19]. Also, the problem of optimal reference tracking of
linear time-invariant dynamic systems over the packet erasure channel with known erasure
probability was addressed in [20]. Moreover, the problem of optimal reference tracking of
linear time-invariant systems over AWGN channel in feedback path or forward path was
addressed in [21]. Note that in [19]-[20], the objective is that the system output follows a
desired reference signal; while in this paper the objective is to estimate the state trajectory

of the system at the end of communication as is shown in Fig. 1.

1.2 Paper Contributions

The main novelty of this paper is in the necessary and sufficient condition for Uniform Al-
most Sure Asymptotic Estimation (UASAE) over the limited capacity compound erasure
channel.

For the block diagram of Fig. 1 we present necessary and sufficient conditions that
provide UASAE when feedback channel is not necessarily available full time. Using an infor-
mation theoretic approach, we derive a necessary condition for this type of estimation over
the compound erasure channel. This necessary condition is given in terms of the Shannon
capacity and the Shannon lower bound, which is related to the rate of expansion of the Shan-
non entropy of the dynamic system. This leads to the eigenvalues rate condition described
by the Shannon capacity. In the absence of uncertainty in the dynamic system, we are also
able to present a sufficient condition for which UASAE holds over the compound erasure
channel. The sufficient condition is also given in terms of the rate of expansion of the Shan-

non entropy of the dynamic system. Hence, this paper extends the previous results (e.g.,



[18]) to cases where both the dynamic system and communication channel are subject to
uncertainty and feedback channel is not necessarily available full time. It also complements
the previous results (e.g., [22]) by considering parametric uncertainty instead of uniformly
bounded disturbances and showing that in the presence of uncertainty in the communication

channel, the eigenvalues rate condition described by the Shannon capacity is a tight bound

for UASAE.

1.3 Paper Organization

The paper is organized as follows. Section 2 is devoted to the problem formulation. In this
section we describe the compound erasure channel and the notion of uniform almost sure
asymptotic estimation. In Section 3, we first describe the notions of Shannon capacity, rate
distortion and Shannon entropy. Then, a necessary condition for UASAE is presented. In
Section 4, a sufficient condition for this type of estimation is given. Finally, the paper is

concluded in Section 5. Proofs are given in the Appendix.

2 Problem Formulation

This paper is concerned with the communication system CS shown in Fig. 1 which is defined
on a complete probability space (§2, F(£2), P) with filtration {F;};>0. Here, Xy, Y;, Z;, 7,
and X, are random vectors denoting the state of the dynamic system, observation, channel
input, channel output and the state estimate, respectively, at time ¢t € N, = {0,1,2,...}.
Note that X; € RY, Y, € R? and Xt € R?. In the CS shown in Fig. 1 we can use feedback
channel with duty cycle g € (0, 1], where /8 is a rational number. = 0 corresponds to
the case of non-availability of feedback channel while = 1 corresponds to its full time
availability. This is shown by a switch with a known policy.

Throughout the paper we adopt the following notation. Random Vectors (R.V.s) are
denoted by capital letters, while a realization of a R.V. is denoted by a lower case letter.
Sequences of R.V.s are denoted by Y = (Yy,Y], ..., Y7). We denote by A’ the transpose
of A, where A is either a matrix or a vector, and by A~! the inverse of a square invertible
matrix A. We denote by ||-|| the Euclidean norm on the vector space R?, by |z| the absolute
value of a scalar x € R and by M(q x o) the space of all matrices A € R7*°. The space
M (q x o) is endowed with the spectral norm ||A|| = \/Amae(A'A) where Apas (A A) is the
largest eigenvalue of the matrix A’A. We denote by B(X) the Borel o-algebra generated by
the open subsets of the non-empty (arbitrary) set X and by (X', B(X)) the Borel measurable
space. We also denote by M (X') the space of probability measures defined on the measurable



space (X,B(X)). Given a pair of measurable spaces (4, B(A)) and (A, B(A)), a mapping
Q : B(A) x A —[0,1] is called a stochastic kernel if it satisfies the following two properties:
i) for every x € A, the set function Q(-|z) is a probability measure on A and ii) for every
F e B(A), the function Q(F|-) is A-measurable. Time ordered products are denoted by

[isk>0 ar = as.az—1.....a0.

The different blocks of Fig. 1 representing the CS are described below.

Information Source: The information source is described by a dynamic system subject to
parametric uncertainty.
In this paper we are concerned with an information source described by the following

uncertain linear discrete time dynamic system

{ Xipn = (A+T)Xy, Xo=um, A#0, 'y € By(M(q x q)), (1)

Y, =CX;

where X; € R is the state of the system at time ¢t € N, A € M(q X ¢q) is the nominal
(known) system matrix, initial condition X, has a known density denoted by py, Y; € R? is
the observation (the source output) and C' € M (d x q). The unknown matrix I'; € M (¢ x q)
represents the uncertainty in the system parameters. At any time t € N, it is a measurable
function Ty : (Q, F(Q)) = Bo(M(q x q)) = {T € M(q x q) : ||T'|| < ¢} where ¢ is a known
non-negative scalar representing the radius of uncertainty.

Let PF, t € N, denote the probability measure associated with the state variable
X, € RY ie, PF(B) = P(X, € B), Be B(RY). We assume that P’ admits a density func-
tion py, i.e., PF(B) = [gpi(z)dz, VB € B(RY). Since the system (1) is uncertain, the informa-
tion source is also uncertain, in which the uncertainty in source is characterized by a family
of probability measures Mg;(C M;(R?)) induced by the R.V. X; = (Ht_lszO(A + Fk))XO
where I';, takes values from the set By(M (g x q)). In other words, the source is represented
by the family of probability measures P € Mg;. Note that the case £ = 0 corresponds to

a known system, which is the nominal system.

Communication Channel: From the bit-wise perspective the channel input is ‘0, ‘1’
and ‘idle’” and the channel output is ‘0’, ‘1’ and ‘idle’. That is when the channel is not in use,
the channel is in ‘idle’ mode. But, from the packet-wise, in this paper we are concerned with
the discrete memoryless limited capacity compound erasure channel. It is a packet erasure
channel [23] with the channel input alphabet Z = {0,1}® (where R € {1,2,3,...} is the
length of transmitted packet in a channel use) and the output alphabet Z = Z{e} (where

e stands for the erasure symbol). The erasure probability 6 is unknown to both transmitter

6



and receiver. However, the unknown erasure probability # belongs to a known set ©, which

is a compact (and proper) subset of [0,1).

Encoder: We introduce three classes of encoders, Class A, Class B, and Class C. Let
E € B(Z) and 25 = (ro%,71%1, ..., 7t-1%_1), where 7; = 0 corresponds to the case of in-
active feedback channel at time instant j and r; = 1 corresponds to the feedback channel
being active. At any time t € N, Class A, Class B, and Class C encoders are modeled by
stochastic kernels Q2 (E|yt, z671), QB (E|yt, 2571, 2571), and QF (E|yb, 2571, 2571), respectively.
Note that the Class A encoder does not use the channel outputs, Class B encoder can use
all the channel outputs up to time ¢ — 1 via feedback channel, and Class C encoders can only

use (via feedback) some of the channel outputs.

Decoder/Estimator: At any time ¢t € N, the decoder is a mapping from the channel
outputs Z{ to the state estimate X; € RY. It is described by a stochastic kernel QP (E|z!),
E € B(R?). Note that as the channel output is ternary, the decoder can identify the length

of transmitted packet.

Deterministic Switch: In many practical applications providing a noiseless feedback ac-
knowledgment from receiver to transmitter in each time step is difficult and/or expensive.
Therefore, in this paper we use feedback channel with duty cycle 5 € (0, 1], where 8 = 0
corresponds to the inactive state of the feedback channel while § = 1 corresponds to the
active state (i.e., available all the time). This is shown by a switch with a known switching

policy in the CS shown in Fig. 1.

In many applications a tracker of a signal process, giving almost sure zero estimation
error, is desirable as it results in almost sure stability of the controlled system. Therefore, in
this paper we are concerned with this type of estimation. The objective is to find necessary

and sufficient conditions on the Shannon capacity for which UASAE, as defined below, holds.

Definition 2.1 Consider the CS shown in Fig. 1, described by the uncertain system (1) and
the compound erasure channel. For the system (1) UASAE holds if there exist an encoder
and a decoder such that for any € > 0 there exists a finite time T'(€) > 0, such that

P(sup || X; — Xi|| > €) <e,
t>T(e)

VIye€B(M(gxq) (k<t—1)andV 6 € 0O.



Throughout the paper, it is assumed that the erasure probability 6 and the distribution
of T'y are not known to transmitter and receiver. But, the set ©, the non-negative scalar

representing the radius of uncertainty, ¢, and 3 are known a priori.

3 Necessary Condition

In this section, a necessary condition for which UASAE holds is derived for the CS shown
in Fig. 1. This condition is obtained by establishing a relationship between the Shannon
capacity, robust rate distortion, and a variant of the Shannon lower bound. These are
information theoretic measures which we recall here.

Consider the compound erasure channel, as described earlier, and let Z} and Zé be
sequences of the channel input and output symbols, respectively. Let Zy; = [[}_, Z denote
the space which contains Z¢ (i.e., Zt € Zy,). For any given erasure probability 6 € ©, let
Q0 ,(dZ|z) denote the stochastic kernel corresponding to Zt and Z.. Further, let Fi(B) =
P(Z! € B), B € B(Zy;) denote the probability measure corresponding to the sequence Z.
The Shannon capacity of the above channel, which is the maximum rate in bits per channel
use at which information can be sent with arbitrary low probability of error, is defined as

follows:

Definition 3.1 (The Shannon Capacity Of The Compound Erasure Channel) /28]
Consider the compound erasure channel, as described above. The capacity of this channel for

t+1 channel uses is defined by C; = supp: i, (z,,) Mfoco 19(Z5, Zt) where

" t . QOt(d'Z‘ ) 0 /g~ =
(28, 7t //10 TR )POJ(dZ))Q[)’t(dz]z)Po,t(dz)

denotes the mutual information between sequences Z§ and ZS (and the superscript 0 em-
phasizes the dependency of the mutual information on parameter 6). Then, the Shannon
capacity in bits per channel use is given by C = lim;_, H%Ct.

For the compound erasure channel, the capacity achieving input probability mass function
is the same for all the channels in the family 8 € ©. Therefore, for these channels we have

[29]

C E sup  inf I%(Z8, Z8) = inf  sup  I°(Z, ZY). (2)
GMl(Zo t)@ €0 0€© PZ EMl(ZO t)

It is shown in [30] that the feedback capacity of the memoryless compound channel is

given by

1 -
C = lim 1Ct, where C; = inf  sup  1°(Z% Z%). (3)

t—>oot Heepz EMI(ZOt)



Hence, it follows from equality (2) that feedback does not increase the capacity of the com-
pound erasure channel. However, as shown in [23], it can help significantly in simplifying
coding scheme. Note that for a compound erasure channel with the channel input alpha-
bet Z = {0,1}® (where R is the length of transmitted packet in each channel use), out-
put alphabet Z = Z U {e}, and unknown erasure probability # € ©, it is verified that
C: = infpeo(1 — 0)(t + 1)R and therefore, C = infyco(1 — 0)R.

Next, we recall the definition of robust rate distortion and then we establish a relationship
between the Shannon capacity and the robust rate distortion for reliable data reconstruc-
tion. Let X; € RY denote the source message with distribution P and X, € R denote
the corresponding reconstruction. Suppose that the source is uncertain in the sense that its
probability measure is unknown; but the set Mg; C M;(R?) to which it belongs is known.
That is, PF € Mg; C M;(R9). Let D > 0 denote the distortion level and let

Mp(PE)={Qu: [ [ ole = 2)Qudil) x Pr(de) < D)

represent the set of stochastic kernels satisfying the distortion constraint where p(x — )
is the difference distortion measure. For example, the distortion measure p can be chosen
either as r-moment measure (i.e., p.(r — &) = ||z — Z||", 7 > 0) or indicator measure, i.e.,

o J O if |z =z <e
pf(x_x>:{1 it |lo—2>e 70

Then, the robust rate distortion for the uncertain source is defined as follows.

Definition 3.2 (The Robust Rate Distortion) [31/ Consider the information source as
described above. The robust rate distortion corresponding to the family Mg, is given by

R(D)=  inf sup  I1(X,, X;). (4)

 QeMp(PY) PreMs,

As shown in [31] when Mg, is a compact set, inf sup in (4) can be exchanged with sup inf.
Furthermore, when the messages are produced according to an i.i.d. distribution, the rate
distortion R;(D), as defined above, has an operational meaning and it represents the mini-
mum rate for which uniform reliable data reconstruction up to the distortion level D holds.

For most of distortion measures and source distributions, finding an explicit analytical
expression for the rate distortion as a function of t and D is difficult. Therefore, approximat-
ing the rate distortion function by a lower bound, which can be easily computed, is useful.
In the following lemma we present a lower bound for the (robust) rate distortion in terms

of the (robust) entropy of the source message. We use this lemma to present a necessary



condition for UASAE.

Toward this goal, consider the uncertain information source, as described above, and
suppose that P admits a density function p;. Denote the Shannon (differential) entropy
associated with the density function p; by H(p;), which is given by [23]

H(p) = — /Rq () log(pe(x))dx.

Also, let Rg:(D) be the corresponding Shannon lower bound given by [32]
Rs(D) = H(p;) — max H(h)

where
Gp={h:R* = [0.00): [ h©)dg =1, [ p(©)h(§)ds < D}

and H(h) is the Shannon entropy associated with the density h. Note that when
/ e*P®d¢ < oo for all s < 0,
Ry

the density h* € Gp that maximizes H (h) is given by

es"P&)

MO e

for some s* < 0 satisfying [re p(§)R*(§)dE = D.
Then, a relationship between the robust rate distortion and the Shannon lower bound for

the uncertain information source is given by the following result:

Lemma 3.3 (The Shannon Lower Bound) Consider the information source, as de-
scribed above. Suppose that PP admits a density function p,. Then

(i) for the case of single source (i.e., Mgy = {PF}) a lower bound for the rate distortion
function Ry(D) is given by Ry(D) > Rg(D) = H(p:) — maxpeq, H(h).

(ii) for the case of uncertain source, a lower bound for the robust rate distortion is given by

Ry(D) = suppre g, H(pt) — maxpeg,, H(h).

Proof: See Appendix.

Consider the CS shown in Fig. 1, with the corresponding mathematical model as de-
scribed earlier. At time ¢, the state of the system X; is observed and the observation is
encoded and transmitted via the channel to the receiver. Then, the receiver produces the
state estimate X,. The encoder uses (via feedback) either the past channel outputs: Z5*

or Z{~t and/or the past channel inputs Z& ! to produce the current channel input Z,. The

10



decoder also uses all channel outputs Zé to produce X,. This system is subject to the con-
ditional independence property. That is, X, — Z! — Z{ — X, forms a Markov chain.
From now on we denote this communication system by the pair (B, ©) to emphasize on the
uncertainty in the source and channel.

A necessary condition for uniform reliable data reconstruction capability of the communi-
cation system (By, ©), in the sense that E[p(X;, — X;)] < D, V8 € © and VI, € By(M(qx q))
(k <t—1),is given in the following theorem.

Theorem 3.4 Consider the communication system (By, ©), as described above. For a given
distortion level D, suppose that the limit, lim;_, . ltJ%lRt(D), exists. Then, a necessary con-
dition for the existence of an encoder and a decoder (estimator) for the uniform reliable data
reconstruction is that the following inequality holds

. 1

T t—oo

Proof: See Appendix.

We have the following remarks regarding above result.

Remark 3.5 (i) The necessary condition (5) is independent of the class of encoders and
therefore it holds for all the encoders: Class A, Class B and Class C.

(ii) The difference distortion measure p(-), used for the expression of the rate distortion
R(D), is chosen according to the desired reliable data reconstruction capability. For example,

for moment reconstructability (i.e., E||X, — X,||” < D) we choose p(z — &) = p,(x — &).

By combining Lemma 3.3 and Theorem 3.4 we have the following necessary condition for
UASAE.

Theorem 3.6 Consider the communication system (By, ©), as described above. Suppose
that limy_, o t%l SUP pre M, H(p:) exists. Then, a necessary condition for which UASAE holds

1s that the Shannon capacity C must satisfy the following inequality

1
C>lim —— sup H(py). (6)

t—o00 t + PtIEMS,t

Proof: See Appendix.
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Corollary 3.7 Consider the communication system (By, ©). Suppose that the initial state

Xy of the information source (1) has finite entropy. Then, a necessary condition for which
UASAE holds is that

C > 2‘1: max{0,log |\;(A + )|}, (7)

=1

where I'° = argmaz{|det(A+T)| =T, [M(A+T)[,T € Bo(M(q x q))}.

Proof: See Appendix.

We have the following observation regarding the result of Corollary 3.7.

Remark 3.8 (i) Since the set By(M(q X q)) is compact and det(+) is a continuous function,
there always exists a I'° € By(M(q x q)) satisfying (7).
(ii) 1t is clear that the larger the ( is, the larger is the required capacity for UASAE to hold.

In other words, the larger the system uncertainty s, the larger is the required capacity.

For the purpose of illustration of the necessary condition (7), we present the following

example.

Example 3.9 Consider the CS shown in Fig. 1. Suppose that the dynamic system is the

uncertain system (1) with A = <_03 ;) and I'y = (%t 3) where ||[Iy]] < € =1 (recall
t

that, for each t > 0, ||T|| = \/Amaz(TiLy), that is, max{|0;|, ||} < 1, Vt € N, ). The
channel is the compound erasure channel in which at each time step it transmits R bits in
each channel use. The erasure probability 6 is unknown and belongs to the set © = [0.1,0.5].
Therefore, the capacity of this channel is C = 0.5R (bits/time step). From Corollary 3.7 we

0 -1 0
have TV = 01
This means that for the rates R = 1,2,3,4,5,6,7 we can not find any encoder and decoder

for which UASAFE holds.

) and therefore the necessary condition (7) is given by 0.5R > log12.

4 Sufficient Condition

In this section it is shown that the lower bound given by (7) can be also a sufficient condition
for UASAE of the nominal version of the system (1) (i.e., £ = 0) over the compound erasure
channels. This is shown by developing a differential coding strategy, which uses feedback
channel with duty cycle 8 € (0,1]. Recall that § = 0 implies non-availability of feedback

channel and # = 1 implies its full time availability.

12



In this section, it is assumed that 5 = % (M,N € {1,2,3,...}, M < N), where for each N
updates of the state estimate, in the first M updates feedback channel is used in the encoder
of Class C. Again, for the simplicity of presentation, it is assumed that the measurement
matrix C' in (1) is an identity matrix (if C' is not an identity matrix but C'C is invertible,
then Y; = (C'C)~1C"Y; = X, is treated as the observation signal). Moreover, it is assumed
that the encoder and decoder are aware of each others policies and X, has a bounded support
in RY.

The differential coding strategy is described in the proof of the following proposition
which shows that UASAE holds for the system (1) over the compound erasure channel.

Proposition 4.1 Consider the communication system (By, ©) whose capacity is given by
C = infypco(1 —0)R, where R is the average transmission bit rate. Suppose that the informa-
tion source is given by the nominal version of the system (1) (i.e., £ = 0) and the encoder
is of the Class C. Let Xy have a bounded support and C'C' be invertible. Then, a sufficient
condition for which UASAE holds is that the capacity C (measured in bits/time step) satisfies
the following lower bound

“ 1
C> ;maX{O,log N(A)} = lim —— H(po). (8)

Proof: See Appendix.

We have the following observation regarding the above result.

Remark 4.2 (i) The sufficient condition (8) implies that there exists a coding strategy for
which UASAE holds for the nominal version of the system (1) over the compound erasure
channel that uses feedback channel with duty cycle 5 € (0,1]. This strategy results in UASAE
if the transmission rate R is greater than the rate m I max{0, log |\ (A)|}.

(ii) From Corollary 3.7 it follows that the eigenvalues rate condition described by the Shannon
capacity is tight (i.e., the necessary and sufficient condition) for which UASAE holds for the
nominal version of the system (1) over the compound erasure channel. In other words, the
eigenvalues rate: Y7, max{0,log |\;(A)|} is the minimum capacity required for UASAE.
(iii) In this paper we have been concerned with uncertainty in communication channel; and
as we have shown above, in the presence of uncertainty in the channel, the eigenvalues rate

condition described by the Shannon capacity is tight for almost sure estimation.

When a communication channel has limited capacity, it is desirable to have estimation
using the minimum possible capacity. As shown above, the minimum required capacity

for almost sure estimation equals the eigenvalues rate: >.7; max{0,log|\;(A)[}. In the
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problem considered in this paper, the information source (dynamic system) is given; and

therefore, the eigenvalues rate is fixed and in many cases non-integer. But non-integer rate

M_ 1
N infgee(l—e)

we can do is a proper modification of the proposed coding strategy to achieve almost sure

>4, max{0,log|A\;(A)|} cannot be put on communication channel. Hence, all

estimation by the use of the minimum required capacity. This modification is described

below.

Consider a small positive real number n and define R,,;, by the following expression

M 1 Kl
R, = S max{0, log [Ai(A)[} + ———!
=1

Winf(;e@(l - 9) : 1nf9€@(1 — 9)

If R, is an integer number this rate can be put into the channel by implementing the
proposed differential coding strategy; and therefore, we have UASAE by transmission with
the minimum required capacity. But, in general, R,,;, may not be an integer number. For
this case, we use the following time-sharing strategy to achieve UASAE by the use of the

minimum required capacity.

Time-Sharing Strategy: For simplicity consider the scalar case first and without
loss of generality suppose M = N = 1. Let © € N, be the smallest integer such that
1 < Rppin < 1+1. Also, let £ = R, — ©. Suppose that both rates ¢ and 1 + ¢ can be
put into the channel. Then, unlike the proposed differential coding strategy, the encoder
now partitions the box [—L;, L;], where the estimation error lives in, into 2% equal size

non-overlapping intervals, where R; takes values from the set R; € {i,1 + i} according to
PR, =1+1) =¢.

Subsequently, by the strong law of large numbers, the average transmitted rate denoted here

the following time-sharing strategy: {

by R* = limy_, t%l Zé:o R; equals E[R| almost surely, where
In other words, here we are transmitting with the minimum required capacity

q
C=inf(l-0)R" = égg(l — 0)Rpin = Y max{0,log [\;(A)[} + 1.

0cO =1

Now we must also show that for this time-sharing strategy UASAE holds. By imple-
menting the proposed coding strategy and noting that here the transmission rate is specified
by the above time-sharing law, we have | X; — Xt] < V,, where here the random variables F;
are i.i.d. with common distribution given by: P(F; =1) =0, P(F,=27") = (1 —&)(1 —0),
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P(F, = 2=049) = £(1 — 6). Subsequently, along the same lines of the proof of Proposition
4.1, it is shown that using the above time-sharing strategy V; — 0; and therefore, UASAE
holds. Note that when the erasure channel transmits a packet of data, R;, successfully, from
the number of received bits, the decoder can identify whether R; =i or R; = 1+ ¢ has been
selected by the encoder as the communication channel is assumed to be ternary with input
and output 0, 1, idle. This type of channel can be obtained, for example, by implementing
an Amplitude Shift Keying (ASK) type modulation scheme, in which when the amplitude of
the sampled received signal is above V' (V' > 0), it is decoded as 1, when it is less than —V/| it
is decoded as 0, and otherwise the channel is assumed to be in the idle mode. Consequently,
at each time instant by counting the number of the received 0 and 1 bits the length of the
received packet can be identified. Hence, the decoder can identify which of them (i or 14 14)
was chosen for transmission. Another way for the decoder to know the length of transmitted
bits is to choose ¢ or 1 + ¢ deterministically instead of randomly.

Extension of the above strategy to the vector case is straightforward. It is realized by
implementing a similarity transformation that turns the system matrix A to the real Jordan
form, and noting that now the transmission rate is defined following a time-sharing strategy,
as specified below:

Let A\x(A) be the eigenvalue of the system matrix A corresponding to the kth (k = 1,2,...,m,
m < q) Jordan block of the matrix A € M(q x ¢). For each \;(A), let i) be the smallest
integer such that

: k) _ 1 n ,
< Romin = 0, —————log |\ (A — <1 :
Uk > Nopin ma’X{ ) infg,E@(l _ ‘9) og | k( )|} + iﬂfeee(l _ 9) + i
Also, let & = R,(jizn — 4. Then, for each \;(A) the encoder partitions the box associated

with A\;(A) into R equal size non-overlapping intervals, where ng) is chosen according to
P(RM =ip) =1-&,
PR =1+1i;) =¢&.

Simulation Result: The results shown in Fig. 2 illustrate the performance of the pro-

the following i.i.d. distribution: {

posed time-sharing strategy when the communication is via the compound erasure channel,
which uses feedback channel all the time (i.e., § = 1). Here, it is assumed that the unknown
erasure probability ¢ belongs to the set © = [0.1,0.5]. The dynamic system (1) is assumed
to be scalar with A = —3 and ¢ = 0. The initial condition X is uniformly distributed in
the interval [—1,1], i.e., Ly = 1. From Corollary 3.7 and Proposition 4.1 it follows that
m log |[A| = 5 log3 = 3.1699 (bits/time step) is the minimum transmission rate for
which UASAE holds. But this rate is not an integer number. Therefore, to have almost

sure estimation requiring the minimum capacity C = log |A| = 1.58 (bits/time step) for the
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Figure 2: Simulation result for 8 =1, A= -3, (=0, Ly =1, © = [0.1,0.5] and n = 0.0005.
Top figure: estimation error | X; — X;|, bottom figure: the average bit rate.

case of § = 1 we need to implement the proposed time-sharing strategy. Fig. 2 illustrates
the performance of the proposed strategy for A = =3, ¢ =0, Ly = 1, © = [0.1,0.5] and
n = 0.0005. It is clear from Fig. 2 that, although the erasure probability # is unknown, after
a few iterations the absolute value of the estimation error (i.e., | X, — X;|) converges to zero;
while the average transmission rate R*’ = limy_. t% ;-:0 R; equals the minimum required

transmission rate ﬁ log |A|. That is, here the capacity C = infgcp.1,0.5(1 — 0)R™ is

inf
going to equal the nfieneimum required capacity 1.58 (bits/time step).

In addition, it is observed that if the above technique is applied to the case where
§ € © C O, the estimation error is asymptotically zero. If ©;, ©, C O, where each
point in O, is greater than all the points in O, the performance of the case of § € ©; C ©
is better than the performance of the case of 8 € O, C O, as expected. And if § € ©, where
each point in © is greater than all points in ©, the performance is poor and in some cases
the estimation error may become unbounded.

Fig. 3 illustrates the performance of the proposed coding and time-sharing strategy when
the erasure probability 6 is known and is equivalent to § = 0.1 and g = 1. As is clear from
Fig. 3 the proposed strategy is able to estimate the state of the system with asymptotically
zero estimation error by transmission with the minimum rate of 1.7611 bits/time step. How-
ever, the performance for this case is not as good as the performance of the other case (Fig.

2). This is due to the fact that in Fig. 2 by taking a conservative approach more bits are

transmitted which results in a better performance.
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Figure 3: Simulation result for § =1, A=-3,0=0,Ly=1,0=0.1 and n = 0.0005. Top
figure: estimation error | X; — X;|, bottom figure: the average bit rate.

5 Conclusion

This paper extended the previous results to cover the cases where both the dynamic sys-
tem and communication channel are uncertain, and the feedback channel has a duty cycle
B € (0,1]. A necessary condition for which UASAE holds was derived under this general
situation. Moreover, when the dynamic system is not uncertain; but the channel is, a suffi-
cient condition for which UASAE holds over the compound erasure channels, was presented.
Consequently, it was concluded that over the compound erasure channel, a condition on the
Shannon capacity in terms of the rate of expansion of the Shannon entropy is a necessary
and sufficient condition for uniform almost sure asymptotic zero estimation error. Possible
extension for future includes addressing the estimation problem of stochastic nonlinear un-
certain dynamic systems over noisy communication channels, which use feedback links with

a Markov chain model.

6 Appendix

Proof of Lemma 3.3. (i) The first part is well known and for the detailed proof see [32].

(ii) From the classical Shannon lower bound, as given in part i, it follows that for each
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Pr e Mg,, we have ianteMD(pf)I(Xt,Xt) > H(p:) — maxpeq,, H(h). Consequently, the

robust rate distortion R;(D) satisfies the following inequalities:

R(D) = inf su IX,X > su inf  I(X, X

(D) QueMb(PE) Premts, (Xe, Xe) 2 Pres, QEMp(PE) (X, Xi)
> H(py) — H(h)).
> Pgséligs,t( (pe) — max H( ))

Now, as Gp is independent of P, from above expression, we have

R.(D) > sup H(p:) — max H(h).
PreMs, heGp

This completes the proof.

Proof of Theorem 3.4. Let {p&t} denote the set of all distributions corresponding to
the channel input sequence Z§ when the source message X; with distribution PF € Mg,
is transmitted. Suppose that there exists an encoder-decoder pair such that we have the
uniform reliable data reconstruction. Then, it follows from the data processing inequality
23], as described by I1°(Z¢, Zt) > I°(X,, X;) ( VPF € Mg, and V0 € ©) that, for a given
0 € ©, we have
sup 1°(Z5,Z5) > sup I°(X,, X)) 9)
(Pz,} PreMs,
Let {P;,} denote the set of all channel input distributions. Evidently {Fj,} € {F;,} and
hence supp: (2., 1%z, Zt) > SUp{ps ) I°(Zt, Zt). Therefore, for a given 6 € O, it follows
from (9) that

O(r7t 7t . 0 R
sup I’(Zy, Zy) = inf sup I°(X,, X)), 10
P§ i €M1(Zo,) ( 0 0) QIeMp(P?) PEeMg, ( t t) ( )

where QY is the stochastic kernel corresponding to X; and X, given ¢ € ©. By definition

. Qi(dir) -
(X0 %) = [ [ 108 ptas gy QU ) P (o)

Evidently infimum of the term suppse g, 1°(X,, X;) with respect to Q! € Mp(PF) is inde-
pendent of QY. Hence,

inf sup  I'(X,, X))
QYeMp(PF) PreMs,

is independent of #. That is,

inf sup (X, X;) = Ri(D). 11
QfeMD(Pg)PgeAIADS,t (A, X1) «D) (1)
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Therefore, by taking infimum with respect to 6 over the set ©, it follows from (10) and (11)
that the following inequality holds:

inf  sup  I%(Z% Z%) > Ry(D).
0€0 ps . eMi(Z20.4)

Hence, it follows from the Definition 3.1 and equality (2) that
C,= sup inf I°(Z,Z) =inf  sup  I%(Z% Z%) > Ru(D).
PG eMi(Z0,) 9€O 9€0 ps . eMi(Z0,4)
Therefore, under the assumption of the existence of an encoder-decoder pair that yields an
average distortion E[p(X, — X;)] < D, for all Ty € By(M (g x q)) (k <t—1) and V0 € O, we
have C; > Ry(D), and therefore

t—oo t + 1 T t—oo f 4
That is, C > lim;_ H%Rt(D) is a necessary condition for the existence of an encoder-

decoder pair. This completes the proof.

Proof of Theorem 3.6. Suppose that UASAE holds. This implies that for any ¢ > 0
there exists a T'(€) < oo such that the following inequality holds:
P(sup || X, — X|| >€) <€ VI € Bi(M(qgxq))(k<t—1), ¥V c®.

t>T(e)

0 if J[¢]| <e
1oif Jg]] >¢€”’
for t > T(€) we have E[p(X, — X;)] = P(||X; — X3|| > €) < ¢, uniformly with respect to

Bi(M(q x q)) and ©. Therefore, from Theorem 3.4 and Lemma 3.3, the capacity and robust

Now, if we choose p(-) as the indicator measure, i.e., p(§) = p(§) = {

rate distortion must, for all ¢ > T'(¢), satisfy the following inequalities:

1 1 1 1
C>—Ri(e)> —— H(p,) — —— max H(h).
S R t<€)—t+1pf’§}8&t (pe) = 37 ax H(h)

It is known that for the indicator distortion measure, maxpc, H(h) is finite [34]. Hence, it
follows from above expression that C = lim;_,., H%Ct > im0 H% SUPpee s, H(p;). This

proves that the inequality (6) is a necessary condition for UASAE.

Proof of Corollary 3.7. From Theorem 3.6 we have the following inequality as a nec-
essary condition for UASAE: C > lim;_, tfl SUP pr e rqg, H(pt), where the density function
pt is induced by the R.V. X; = (Ht—lzkzo(A + Fk)>X0. Hence, it follows from ([23], p. 234)
that H(p;) = log ’ det (Ht—leZO(A + Fk))‘ + H(po). Therefore,

sup H(p:) = H(po) + sup (log ’ det ( H (A4 Fk)) D

PreMs, {lITk||<1,0<k<t—1} t—1>k>0
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Consequently
lim L sup H(p;) = lim L sup (log ‘ det( II (A+Fk))D. (12)

tmeot + 1 prems, t=oot + 1 gry 1 <t0<k<t-1) t—1>k>0
We can always find a similarity transformation 7" such that the matrix A 4+ I'° can be
written in the following form

T (A+T°)T = ( (A+T%s

(A+ FO)US) ’ (13)

where (A 4 I'°), has eigenvalues inside the unit circle and (A + I'°),s has eigenvalues on or
outside the unit circle. Accordingly, we split the state space into the following two disjoint
subspaces: 1) stable subspace which corresponds to (A + I'°),; and ii) unstable subspace
which corresponds to (A + I'°),s. Let Ps be the projection onto the stable subspace. Then,
lim; o Ps(X¢) = 0. Hence, for sufficiently large ¢, the projection of the state onto the
stable subspace is reconstructed as zero. That is, for large ¢ the stable subspace does not
contribute to the entropy of the R.V. X;. Therefore, without loss of generality, in computing
the entropy of the R.V. X; we can restrict our attention to the matrix A 4+ I'° that contains
only unstable eigenvalues.
In view of this fact, it follows from (12) that

1 q q
T e H(p) = log|det(A+T7)]us = logi:l_[1 [Ni(A+T9)us| = ; log [Ai(A +T%)usl-

Therefore, for the matrix A + I'* (with some stable eigenvalues) we have the following nec-

essary condition for UASAE

q
C > > max{0,log [\;(4+T7)|}.

i=1

This completes the proof.

Proof of Proposition 4.1. In what follows we consider the scalar system. Extension
of the results to the general vector case is straightforward and it follows by implementing a
similarity transformation that turns the system matrix A to the real Jordan form [18].

As the initial state is bounded, we have |Xy| < Ly, where Ly is known a priori. At time
instant ¢ = 0 the encoder partitions the interval [— Ly, Lg| into 23R equal size bins, and upon
observing X it identifies the bin, where X is located and represents the corresponding index
by %’R bits and transmits the corresponding packet. Then, the output of the decoder is
updated by (14)

Xt:

. { v+ Xi  if erasure does not occur (14)

X7 if erasure occurs,
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where «; is the center of the j + 1 bin, which contains X; — Xf. Note that Xg = 0 and the
encoder and decoder are aware of each others policies when the feedback channel is available;
and hence, the decoder can determine Xf when feedback channel is available. Consequently,

for the time instant t = 0, the decoding error is bounded above by

| Xo — Xo| < W,
where
Lo if erasure does not occur
Vp=1{ am® .
0 if erasure occurs.
At time instant ¢ = 1, using feedback channel, the encoder can determine V{ and Xo.

Subsequently, it computes Xf = AX, and L, = |A|Vy (note that during the time period
between two time instants ¢ = 0 and ¢t = 1, feedback channel is used). Then, it partitions
the interval [—L;, L] into 23R bins. Upon observing X, the encoder computes X; — Xf
and determines the bin, where X; — X ¢ is located. Then, it represents the index of this bin
by %R bits and transmits the corresponding packet. Subsequently, the decoder output is
updated by (14). For this case the decoding error (if the feedback channel is available) is

bounded above by

|1 Xi — X4 <0,
where .
o if erasure does not occur
V=< 2m®
1 if erasure occurs.

Then, by following this procedure, we have:
at time instant ¢ € {1,2,..., M — 1}, where the feedback channel is available, L, = |A|V;_4

and

| X — Xo| <V,
where .
= if erasure does not occur
‘/; e QWR
L; if erasure occurs.

at time instant ¢ = M, as the feedback channel is not available noting is sent to the decoder;
and hence, Xy = X@ = AXy-1, Vi = Ly, Ly = |A|Va—q1. Similarly, at time instant
te{M+1,.,N—1}, X, = X¢ = At-MOX \ V, =L, L = [AC M|V, .

Consequently, in general, at time instant ¢:
X, - X <V,
where
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e fort=0
Vo = FyLo;

o fort = N, 2N, 3N, ..., where feedback channel is available up to the next M — 1 time

instants, we have
Vi = BJAY MW niv, t=Nj, j€{1,2,3,..}

where the sequence F; (¢t € N, ) is i.i.d. with the following common distribution

e P(F= ) =1-
F,={ 2m* (Fi 2HR> o

—

o fort e {Nj+1,..,Nj+ M — 1}, j € N, where the feedback channel is available, we

have:
Vi = AV,

and

o fort € {Nj+M,....Nj+ N — 1}, where the feedback channel is not available, we have

V;g — |At_Nj_M+1|VNj+M—1-

Consequently,

Vi = FnjiFng-tim—1--Fng-n1| AN | Fon Engar—1. . Fnp |[AY | Ey Faor . By AN |V,

= FnjlAIENG-y il Al Fng oy p AIJAY ML Fon Al Fx AL g |A[JAY Y
x Fy|A|Far_1| Al Fy|A|| AN M|V,
2Mj(ﬁj(log |A|Fnj+log |A|Fx(j—1y4 ar—1+-+1og |[A|Fx(j_1y41+...Hlog |A| Fx+log |A|Far—1+...+log | A| Fy )
X\A]j(N_M)VO.

Now, from the strong low of large numbers [33] we have the following equality, almost surely:

_ 1
lim m(log ‘A|FNJ‘ + IOg ‘A|FN(]-_1)+M_1 + ...+ log |A|FN(j_1)+1 + ...

Jj—00

A
+log |A|Fy + log |A|Fpr—1 + ... +1og |A|Fy) = Ellog(|A|F1)] = (1 — ) log 4 + Glog |Al.

N
o2mR
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Consequently, as j — oo, we have

Mj((1—-0)log 2L +olog|A]) . M((1-6) log = +010g |A]) ,
Vj =2 231" AP0V, = (2 237" | AN MYV

But, as we have assumed infypeg(l — 0)R > max{0,log|A|}, for each § € ©, we have

M((1-6) log = 1010g|A]) .
2 2R |AIV=M < 1; and hence, Vy; along with the sequence Viji1, ...,

Vi j+n—1 converge to zero, almost surely, as j — oo. This completes the proof as | X; —Xt\ <
V.

For the vector case, the encoder encodes each element of vector X; — Xt into R;, © =
{1,2,...,q} bits and transmits a packet with length & 7| R; over the compound erasure

channel when the feedback channel is available.
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