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where

Hi(t) = 0 (et — [z gt (419)
is the interaction Hamiltonian written in the interaction picture. The so-
lution of this differential equation for U(t,ty) should look something like
U ~ exp(—iH t); this would be our desired formula for U in terms of ¢,.
Doing it more carefully, we will show that the actual solution is the following
power series in A:

t t 1
Ut tg) =1+ (—-z‘)/dtl Hy(ty) + (—-zt)‘z/dtl/dt2 Hi(t1)H;(t2)

to to

. “ " (4.20)
+ (=i)® [ dty [ dto [ dts Hi(t1)Hi(t2)Hp(ts) + -+
o fof

to to

To verify this, just differentiate: Each term gives the previous one times
—iH;(t). The initial condition U(t,to) =1 for t = ¢, is obviously satisfied.
Note that the various factors of Hy in (4.20) stand in time order, later
on the left. This allows us to simplify the expression considerably, using the
time-ordering symbol 7. The H? term, for example, can be written

to to

t t t t
1
dty [ dts Hy(t)H(t2) = = [ dty [ dto T{H;(t:)H(t2)}. (4.21)
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Figure 4.1. Geometric interpretation of Eq. (4.21)

The double integral on the right-hand side just counts everything twice, since
in the t;t2-plane, the integrand T'{H,(t,)Hy(t,)} is symmetric about the line
t; =t; (see Fig. 4.1).

A similar identity holds for the higher terms:

t ty tha t
1 -
/d!l /flrz-.»/:lt,, Hy(ty)---Hi(t,) = a /,u. cedty T{H(ty) - Hy(t,) }.
o o i Tl
This case is a little harder to visualize, but it is not hard to convince oneself
that it is true. Using this identity, we can now write U(t,ty) in an extremely
compact form:

t t

Ult,tg) =1+ (7.')/,1/, Hi(t) + -{',Z')'/fnl dty T{Hy(t:)Hy (t2)} + -

to

’ t
= T{exp[fl'/dt' H,(t’)] } (4.22)

where the time-ordering of the exponential is just defined as the Taylor series
with each term time-ordered. When we do real computations we wiil keep
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