Sharif University of Technology - Department of Physics
Quantum Mechanics III - Fall 2022
Problem Set 2
Due Monday 1401/08/09 at 10:30

Problem 1 (10 pts): Dynamics of a driven two-level system

(a) Let us consider a generic time-dependent Hamiltonian H = Hy + V(t). Suppose time-
independent states satisfy Hg|ln) = E,|n). As you know, in the interaction picture we

have ihd|1b(t))r = Vil (t))r, with Vi(t) = eHot/my ()e i Hot/h I [(t)); = 30, calt)|n),
then show that

i (t) =Y Vin(De™ ey (t), (1)

with V., (t) = (m|V (t)|n) and wy,, = (E,, — E,,)/k (3 points).

(b) Let us consider a two-state system with

~ E, 0 0 Jewt
HO = ( 01 E2 ) ) V(t> = < 5e—iwt 0 ) . (2>

Show that for the two-component vector e(t) = (¢1(t), c2(t)), Eq. (1) translates into

0 ei(w—w21)t
thoie = 0 ( . ) c(t). (3 points)

—i(w—wa1)t 0

(c¢) Show that for the initial condition ¢;(0) = 1 and c2(0) = 0, this equation has the solution

52

T2 h2(w — wo )2 /4 sin® 1, and ler(8)]? =1 — |ea(t) 7,

[ea(t)[*

with Q = [(§/h)? + (w — w1 )?/4]Y/2. Here, Q2 is known as the Rabi frequency (3 points).

(d) Show that the maximum probability of occupying state 2 has the value of unity at reso-
nance w = wy; (1 point).

Problem 2 (10 pts): The kicked oscillator

(a) Let us again consider a generic time-dependent Hamiltonian H = Hy + V/(t). Suppose
time-independent states satisty ﬁ0|n> = F,|n). Consider a system which is prepared in
an initial state |i) at time ¢ = t5. As you know, its final state, |f), at a subsequent
time, ¢, is given by |f) = U;(t,)|é), where the time-evolution operator Uy(t,ty) satisfies
iho Ur(t, to) = Vi(t)Us(t, to). Show that for Uj(tg,to) = 1, we have

Uslt o) = :OO (—%)” / it / A Vi(E)Vi(ts) -+ Vi(ta). 1)

1



(b) Using 1 = > |n)(n|, we obtain |f) = > c,(t)|n) with c,(t) = (n|U(t, to)|i). Making
use of (1) show that c,(t) = >_7%, 9 (t), with

67(10) = 5m’7
YA A y
Cn (t) - h dt € Vm( )a

07(12) (t) _ / dt / dt// tWnmt' +iwm t/lvnm(t/)vmi(t”>,
(2)
with V., (t) = (m|V (t)|n) and wp, = (E,, — E,)/h (3 points).

(c) Suppose a simple harmonic oscillator is prepared in its ground state |0) at time t = —oc.
If it is perturbed by a small time dependent potential V() = —eBxe /™. use second
order perturbation theory, and determine the probability of finding it in the second excited
state (4 points).

Problem 3 (5 pts): Alternative derivation of the Golden Rule

(a) Consider ) (t) from Eq. (2) in problem 2. Suppose that a harmonic potential perturba-

tion V(t) = eVe ™! with the initial time ¢, — —oo is gradually switched on. Show that

¢ is given by

1 . et %4 Vi
(D (p) = _ L giloni—2w)t e 3 (n|V]m)(m|V]i)

. 2 point
(wni_QW—2i6) — Wm_wi—w—ie ( poin S)

(b) Using 11 m __Zw) 77z = 2m6(wn; — w), show that the transition rate in the limit of € — 0
is glven by
) d|C£L n|V|m (m|V]i > .
Lin = 11_{% Z S— O (Wi — 2w). (2 points)

m

(c) Describe your interpretation of this result. Do you miss any energy conservation in this
transition? (1 points)



