Lecture 1

1. REMARKS ON Basic CONCEPTS

In this lecture we discuss several topics related to the material cov-
ered so far.

1.1. Area Formula. Let f : U — V be a C' orientation preserving
homeomorphism of domains in C. Then he area of the domain V' can
be computed from the formula

(1) A(V) = 3/ df A dF.
2 Ju

This is just the change of variable formula in dimension 2 since (i/2)df A
df = Jdx Ady and J is the Jacobian of change of variable by f. Let us
see some other applications of this simple observation. Assuming that
the domain U is bounded and has C! boundary C and F extends to a
neighborhood of U, we apply Stokes theorem to the right hand side to
obtain

AV) = %/C fdf.

The right hand side is now a line integral. Writing f as f = u+1v and
denoting denoting the image of the boundary curve C under f by I,
we obtain

(2) %/C fdf = /F udv.

(In deriving this formula note that [.(udu + vdv) = 0 since the in-
tegrand is the exact differential (1/2)(d(u?) + d(v?)).) Note that this
equation has no reference to the domain bounded by C' or I' but only
to the boundary curves. The boundary curve (e.g. a Jordan curve)
decomposes the extended into two regions. So which area does this
integral represent? In Stokes theorem the region is required to be
bounded so that integrals exist and furthermore correct orientation for
the bounding curve is essential for otherwise one obtains negative of
the area. If the region is unbounded (i.e., contains the point at co)
then the integral [udv represents the area of the bounded region by
extending u +4v to a C'' homeomorphism onto the bounded region and
the bounding curve has counter-clockwise orientation.

Now let U and V' be the simply connected regions in the extended

complex plane, one bounded and the other unbounded (containing oo)
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defined as
U: |lz|]| <1; V: ||z|| > 1 and point at oo

Let fy and fy be an analytic function defined on U or V normalized
so that they have expansions
fu(2) =z +a2® +as2® +..., fv(z) :z+ﬁ+b—z+b—z+...
z oz z

Assuming f is univalent (i.e., 1-1) what can we say about the coeffi-
cients a,, and b,,. It is known that that |a,| < n (Bieberbach conjecture
proven by de Brange) but the proof is very difficult and relies on tech-
niques very different from the ideas in this course. However, the case
for b, can be easily settled with the aid of the area formula. In fact,

we will show

(3) > nlb)* <1

n=1
Let C.. denote the circle of radius » > 1 and I', denote its image under
the mapping. Set fy = u+iv as before. In view of (2) and the remark

following it, the integral
I = / udv
T,

is just the area of the bounded region enclosed by I', and therefore
I > 0. On the other hand direct substitution from fy(z) = z+ % ...
in I =(i/2) |, c. fdF yields after a simple calculation

(4) = 7lr® =) nlb,[’r].
n=1

Therefore for all r > 1 we have > n|b,|*r—2" < r? which proves (3).

This calculation can be used to show that |ay] < 2 which is what
Bieberbach had been able to prove. In fact, let F'(z) = \/f(z?) then F'
is well defined and is univalent on the disc |z| < 1. For if F'(z,) = F(z2)
then univalence of f implies z; = £25. It is a simple calculation that
the power series expansion of F'is of the form

1.
F(z) = z+§a22‘5+...,

and has only odd powers of z. Therefore F' is odd function and F(z;) =
—F(z3) proving univalence of F.

Now set g(z) = ﬁ Then

1
g(z) = z— %— + ... (higher negative powers of z).
z



Then (3) implies |2as|? < 1 or |as| < 2 as expected.
Another consequence of the area calculation above is

Theorem 1. (Koebe ; Theorem) Let f(z) = z + a2 + ... be defined
and univalent in the unit disc. Then image of f contains the open ball

of radius i.
Proof - Let w be a value not assumed by f, then
wf(z) Ly o
w2 z+(a2+w)z +...,

and it is immediate that f is univalent in the unit disc. Therefore
las + %| < 2 which implies IUII < |ag] + 2 < 4. The required result
follows. [

1.2. Schwarz-Pick Lemma. The standard version of the Schwarz (or
Schwarz-Pick) Lemma states that a holomorphic map f: 1D — D with
f(0) = 0 satisfies

(1) [f(2)] < .

(2) |/(0)] < L.

(3) If |f(2)| = |z| for a single point z # 0 then f is a rotation
f(z) =€z

(4) [/(0)] = 1, then f(2) = e”z.

The Schwarz Lemma can be restated in the language of differen-
tial geometry and the reformulation has had far-reaching consequences.
The unit disc D carries a metric of constant negative curvature -1 known
as the Poincaré metric given by

4dzdz
(1 —1[22)*
Given a map f : D — D then f*(ds?) is also a Riemannian metric on D
except at the points where df fails to be an isomorphism. In particular

it makes sense to compare distances relative to the metrics ds? and

f*(ds®). First let us look at some examples. If f(z) = Zzib where |a|? —

b|? = 1. (Fractional linear transformation under the group SU(1,1).)
Then it is a routine calculation that f*(ds?) = ds® so that SU(1,1)
acts on D as a group of isometries relative to the Poincaré metric.
Using invariance of the metric under SU(1,1) it is a straightforward
calculation to give formulae for non-Euclidean distances of points in
the disc. In fact the distance between z,w € D is given by

ds? =

|z—w| |

) io(ew) = tog (T )

[1—zw
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The tricks in proving this formula are as follows:

(1) First one shows that Euclidean straights line through the ori-
gin are geodesics in D and therefore realize distances between
points.

(2) By an element of SU(1,1) we can move z to 0 and w to a point
on the imaginary axis.

(3) By straightforward integration one obtains the required formula
in this case.

(4) Verify that formula (5) is invariant under the action of SU(1,1)
to complete the proof.

(5) Now one can also in addition easily verify that the geodesic (up
to parametrization) connecting z to w (and necessarily realizing
the distance between them is given by the equation

w—=z
(6) N ==
L+ tzi=

The metric of the disc D is of the form ds* = p2(dz? + dy?) (in real
coordinates (z,y)). Coordinates where the metric takes this form are
called isothermal coordinates in differential geometry in 2D. It is classic
fact that in dimension 2 every Riemannian metric admits of isothermal
coordinates (locally). Notice that in isothermal coordinates measure
of angles are the same as those in Euclidean coordinates (z,y) because
the metric is a multiple of the Euclidean one dz? + dy?. With this
in mind, one expects that a consequence of isothermal coordinates on
an orientable surface is that the Riemannian metric (put in isothermal
coordinates) allows one to define complex coordinates on it by setting
z = z+1y. (The expression p?(dz*+ dy?) is symmetric in z and y and
so one could have defined the complex coordinates as y + ¢z instead of
x+1y. The problem is that we want the orientation to be the standard
counterclockwise orientation of the (z,y)-plane and y + iz gives the
opposite orienttion.) This is in fact the case. We will not rigorously
prove this but use this idea freely.

To apply these notions to the Schwarz Lemma, let f : D — DD be an
analytic map and z € D. Define automorphisms g and h of D by

it 1G0
—f(z)(+1

C+=z

90 = S MO =

Then the composition F' = h o f o g satisfies the hypothesis of the
Schwarz Lemma (F(0) = 0). Therefore |F'(0)| < 1 and since F’'(0) =



%JC'(Z) we obtain

) !
v T IfGF = T-FF

This equation simply means
8) f*(dsp) < dsp,

that is, analytic maps of the disc to itself are distance decreasing rel-
ative to the Poincaré metric. This is the first geometric reformulation
of the Schwarz Lemma.

To put this geometric form into a more useful one we need the notion
of curvature from differential geometry of surfaces. The (Gaussian)
curvature of a metric ds®> = p*(dz? + dy?) is given by

() 1 9%logp 1 (?logp O%*logp
K = —— [
p? 020z 4p2 \  Ox? oy )’
where % = %(8% - ia%) and 8% = %(% +z’a%).

Now we can state a more general and useful version of the Schwarz
Lemma. On the disc D, = {z € C | |z| < r} consider the Riemannian
metric

4
de? = — =
T AR P

where A > 0. The curvature of this metric is the constant —A.

dzdz,

Theorem 2. Let M be a Riemann surface with a Riemannian met-
ric ds%; whose curvature is bounded above by a negative constant —B.
Then a holomorphic map f : D, — M is distance decreasing and more
precisely
f*(ds3,) < éds2
M) = B r*
The proof is not difficult but before proving it we show some of its
consequences.

Corollary 1. (Liouville) A bounded entire function is constant.

Proof - We can assume the values of a bounded entire function are in
the unit disc. In Theorem 2 let M = D with the standard Poincaré
metric so that B =1 and set A = 1. Then

« 4 -

Now let r — oo to get f*(dsf =0 or f is a constant. [



We can prove more, namely Picard’s (little) theorem that an entire
function missing two values is necessarily a constant. We csn assume
the missing values are 0 and 1 and and let us assume that C\ {0, 1}
admits of a metric of constant curvature -1 (to be proven below). Then
the proof of Corollary 1 works with M = C\ {0, 1} to give

Corollary 2. (Picard) An entire function missing two values is nec-
essarily a constant.

It remains to show that C\ {0,1} admits of a metric of constant
negative curvature. We give a more topological and algebraic proof of
this that will be more in the spirit of later material. In fact we exhibit
a discrete group of isometries and conformal transformations of the
upper half plane H such that its orbit space is C \ {0,1} and the map
H — I'(2) \ H is the universal cover projection. Let IV(N) (principal
congruence subgroup of level N') be

{(Z b) | a =d=1modN, andbECEOmodN}

d
Let I'(2) = I"(2) /(£I) and I'(N) = I'"(N) for N > 3. I'(2) is generated
by the matrices (1) i12 and 112 (1) . (This is no longer true for

general N.) A fundamental domain for I'(2) in H is shown in Figure
1.2.1 where the vertical lines * = 41 are mapped to each other by

((1) $12> So the quotient space is homeomorphic to the sphere with

three points removed (note the point ico). One verifies easily that the
action of I'(2) on H has no fixed points and consequently H — I'(2) \ H
is a covering projection. By stereographic projection we can identify it
with the C\ {two points}. We can assume these two points are 0 and 1
by a fractional linear transformation. Since the action of SL(2;R) by
fractional linear transformations are conformal isometries the metric
will descend to one on C\ {0, 1}. (This can be done explicitly by using
the modular function but it takes too far away from our subject.) Since

the metric is induced from ds? = dz—;ﬁ which has constant negative

curvature -1, the same is true for the metric on C\ {0, 1}.
The metric of constant negative curvature -1 on C\ {0, 1,00} has
representation ds? = p(z)2dzdz where p has integral representation

L ) 1
W e = T i i i

where ( = £ + 1. The proof of this formula requires some tools from
quasiconformal maps that we have not yet introduced. It is mentioned




here because the rational fraction
z2(z—1)
C(C—=1)(¢—2)

occurs prominently in the analytic theory of quasiconformal maps.
It remains to prove Theorem 2.

Proof of Theorem 2 - We have f*(ds3,) = g(z)ds? and the assertion
is equivalent to g(z) < 4. Assume first that the maximum of g(2)
occurs in the interior of D,, say at z;. We can assume ¢(z5) > 0
and so the differential df is an isomorphism in a neighborhood of z
and f is an analytic diffeomorphism in a neighborhood U of z,. Set
*(ds%;) = n?dzdz and ds? = p*dzdz. Then g = n?/p*. The curvature
of the metrics ds?, and ds? are

1 9*logn 1 9%logp

kv = —

2 020z T p? 0207

By assumption kj; < —B and therefore

0%logg __  02%logn . 0?2 log p
0207z - 020z 9 8z8§2
= —kun®—Ap
>  Bn?— Ap*.
. . . . . 2 .
Since log g assumes its maximum at z, the second derivative aai%gzg is

non-positive at this point and the required result follows. Therefore it
remains to show that the maximum of g occurs in the interior. Looking
at the expression for the metric ds, we see that p* tends to oo at the
boundary and therefore g(z) tends to zero. Thus the maximum occurs
in the interior. [

1.3. Analytic definition of quasi-conformality. The geometric def-
inition of a quasiconformal map is not adequate for some important
analytical developments that center around solving the Beltrami equa-
tion

ou ou
11 _ = z -,
(1) = )

that will be discussed later in the course. Here p is an L*-function
of norm < 1. It is natural that a more elaborate analytical definition
is suitable for the investigation of this equation. First we recall some
notions from real analysis.

A function f on an interval [a, b] is absolutely continuous (or simply
AC) if given € > 0 there is 6 > 0 such that for any finite sequence
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a<a; <b <ay<by<...<a,<b,<bwith the property
> (b —a;) < 6,
j=1

we have
Z|f(bj)_f(aj)|) < €.

Important properties of AC function are summarized as follows:

(1) Absolute continuity is preserved by arithmetical operations on
functions with the obvious restriction of non-vanishing denom-
inators.

(2) An absolutely continuous function is almost everywhere differ-
entiable.

(3) If the derivative of an AC function f is zero almost everywhere
then f is a constant.

(4) The indefinite integral of an L!'-function g on [a, b]

flz) = C+/x9(y)dy

is absolutely continuous, and the derivative f’ of f is almost
everywhere equal to g.
(5) Every absolutely continuous function f is an indefinite integral
of its derivative f’ that exists almost everywhere (Item 2 above).
(6) An absolutely continuous function maps sets of Lebesgue mea-
sure 0 to sets of Lebesgue measure 0.

(For s detailed discussion of absolute continuity see, for example, 1. P.
Natanson - Theory of Functions of a Real Variable, Volume 1, Chapter
9.)

An important feature of the geometric definition of quasiconformality
was that a 1-quasiconformal map is conformal. Whatever the analytic
definition maybe, it should preserve this form of relationship with con-
formality. With this in mind, the relevance of the concept of absolute
continuity to quasiconformal maps is demonstrated by the following
example and the definition given below:

Example 1. We construct an example of a function F' defined on an
open subset of C such that % exists and vanishes almost everywhere
but f is not quasi-conformal. It will be clear that absolutely continuity
is violated in this example. First we construct a sequence of nonde-
creasing functions {f,,} on the interval [0, 1] converging monotomically
to a function f. The sequence is best demonstrated in Figure 1.3.1
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where f1, fo, f3 are shown and the general construction is clear from
the picture. f has also an analytical description. Let € C [0, 1] denote
the Cantor set. A point x € € is characterized by having a tertiary
expansion of the form

ro= ) 237"

where ny < ng < .... On €, the function f is given by f(z) =), 27™.
On the complement of €, f is uniquely determined by the requirement
to be nondecreasing on [0, 1]. Consequently on each connected compo-
nent of the complement of € it will be a constant. Now extend f to a
function on (0,1) x R as

fle+iy) = f(z)+ (z+iy).
It is immediate that f is a homeomorphism of (0,1) x R C (C) onto
(0,2) xRR. On each connected component of the complement of € xR C
(0,1) xR (discard the endpoints 0, 1 of the interval [0, 1]), f ian analytic
function of z = x +1y. It follows that ?—3]; = 0 almost everywhere in
(0,1) x R.

Clearly f is not analytic since % = 0 only almost everywhere and the
derivative does not even exist on € x R. Whatever definition we want
to adopt for quasiconformality should have the the property that if a
homeomorphism f is K-quasiconformal and % = (0 almost everywhere
than f is conformal. Obviously this is not satisfied for the function f
constructed above. [

Let U € C and R C U be a rectangle with sides parallel to the
axes. A homeomorphism f of U onto its image f(U) C C is absolutely
continuous on lines (ACL) if it is absolutely continuous on almost every
horizontal and vertical line segment in R. If this property holds for
every rectangle then we say f is ACL. With this in mind, we give
the following analytic definition of quasiconformality: An orientation
preserving homeomorphism f of an open subset U C C onto its image
f(U) c Cis quasiconformal if

(1) fis ACL.
(2) |?—3§| < k|%| almost everywhere in in U where k£ < 1.

It is a theorem that this definition is equivalent to the geometric defi-
nition of K-quasiconformality where K = ﬁ

First we explore what properties we like establish for quasi-conformality
on the basis of its analytic definition and postpone the the proofs after
we have the direction. In doing analysis, one generally needs a func-
tion space together with an operator (or operators) acting on it. What

is the appropriate function space here? Condition (1) in the analytic
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definition of quasi-conformality is problematic in the sense that it does
not specify a "good” function space as stated. A more suitable def-
inition requires the notion of distributional derivative that I assume
is familiar. The distributional derivative of a function is in general a
distribution. Recall also that a function f defined on an open subset
U C R" is locally in LP(U) (or f € L} (U)) if ¢f € LP(U) for every
compactly supported (in U) smooth function ¢. This is equivalent to
the requirement that every point has a compact neighborhood V' C U
such that the restriction of f to V is in LP(V). With this in mind we

can restate conditions (1) and (2) in the analytic definition as follows:
(1) The distributional derivatives of f are in L{ (U).

loc
(2) |%| < k‘\%| almost everywhere in in U where k < 1.
Therefore it is natural to introduce the function spaces W1?(U)
(resp. WLP(U)) as the space of complex valued functions f whose

distributional gradient V f is in LP(U) (resp. in LY (U)0.
The analogue of 1-quasiconformal map being conformal in the ana-

lytic setting is

Proposition 1. If ?—é = 0 almost everywhere for a quasi-conformal
map, then f is consformal.

Another consequence of the analytic definition is

Proposition 2. (Removable Singularities) Let f : U — C be a home-
omorphism onto its image and v : S' — f(U) be a C* Jordan curve.
If f is K-quasiconformal on U \ Image(v), then f is K-quasiconformal
onU.

There are subtle properties of homeomorphisms f : U — U’ lying in
I/Vli)’f(U ) that become useful in the analysis of quasi-conformal maps. A
key technical result (not easy to prove) is the Gehring-Lehto theorem
that assets that a continuous open mapping of U — C is differentiable
almost everywhere if and only if it has finite first partial derivatives
almost everywhere. This looks like a technical result and to see why it
is interesting we note some consequences of it whose relevance is more

understandable.

(1) A homeomorphism f € W, (U) is differentiable almost every-
where.

(2) Let f € W,X(U) be a homeomorphism f : U — U’. Then the
Jacobian determinant J(z, f) does not change sign. (We are
looking at U, U’ as subsets of R%.)

(3) Let f € W,oH(U) be a homeomorphism f : U — U’. Then

J(z, f) is locally integrable and for every Borel set £ C U we
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have
(12) /EJ(Z, f)dzdy < meas.(f(F))

(Notice that we are only stating an inequality instead of equality
that was in an integral formula that we had previously used.)

(4) With the hypothesis of the previous item assume in addition
that f € W,.?(U), then the area formula

(13) /EJ(Z, f)dzdy = meas.(f(F))

is valid and in particular, sets of measure 0 are mapped to sets
of measure 0.

Remark 1. While the geometric definition of quasi-conformality is
equivalent to the analytic definition based on V[/licl, for analytical prob-
lems it is perhaps more convenient to require the stronger condition
fe Wéf This is demonstrated in the analogue of Area Formula be-
low. Note also that W?(U) has the structure of a Hilbert space and
thus it is a more convenient space than W'(U) which is a only Banach
space. []

The main tool in establishing the existence of limits of sequences in
function spaces in elementary analysis is the Arzela-Ascoli theorem that
roughly speaking it states that boundedness plus equicontinuity imply
relative compactness in the appropriate function space. The condition
of equicontinuity is fulfilled if one can establish uniform boundedness
of derivatives or the weaker statement of uniformly Holder will work as
well. For quasi-conformal maps there are various ways of stating the
Holder continuity condition.

Theorem 3. Let f : U — U’ be a K -quasi-conformal homeomorphism.
(1) If U =U"=D and f is surjective, then

[f(z1) = f(z2)] < 16 |21 — 2|
(2) More generally, if a disc B and 2B (disc with same center and
twice radius) lie in U, then
diam(f(B)
(diamB)1/k

|Zl - ZQll/K7

[f(21) = f(z2)] < C(K)

where the constant C'(K) depends only on K.

A couple of consequences of this theorem are
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Corollary 3. Let F be the family of K-quasi-conformal homeomor-
phisms of D fizing points 0. Then F is compact in the topology of
uniform convergence.

Corollary 4. Let F be the family of K-quasi-conformal homeomor-
phisms of CP(1) ~ S? fizing three points (say 0,1 and oo). Then F is
compact in the topology of uniform convergence.
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2. EXERCISES

e Exercise 1 - Let h(z) = 2 +ag + % + % + ... be an analytic
function which is conformal in the exterior of unit disc. Let w €
C and assume h(z) # w for any z in the exterior of the unit disc.
Show that f(z) = \/h(2?) — w is well-defined and conformal in
the exterior of unit disc and its power series expansion at oo has
the form f(z) = 2+ 272271 + ... Use the Area Formula as
in the discussion of Bieberbach-de Brange Theorem for exterior
domains to show that |w—ag| < 2. (To be rigorous, you need to
say that for any r > 1, the restriction of f to the exterior of the
disc of radius v extends to an element of W,5*(C) in order for
the Area Formula to be applicable. You may ignore this subtle
point.)

e Exercise 2 - With the notation and hypothesis of Exercise 1,
and assume in addition that h is a homeomorphism of C onto
itself. Show that the image of the unit is contained in the disc of
radius 2 centered at ag. (This may be regarded as the analogue
of Koebe’s }L Theorem at infinity.)

e Exercise 3 Let f be a conformal mapping of a domain U C C
onto V C C and ¢ € U. Show that

T Oldist. (¢, 0U) < dist. (£(0),0V) < |(O)ldist. (¢, 0.

(Use the function %, where 6 = dist.(¢,0U), Koebe’s

Theorem and Schwarz’ Lemma applied to f=1.)
e Exercise 4 - Let f : D — C be a conformal mapand let { € D.

Show that 0]
o ="

z+
) FE2) - 1o
(1= 1[¢P?) ()
Then ¢(0) = 0 and ¢'(0) = 1. Apply the inequality |as| < 2 in
the Bieberbach-de Brange Theorem.)

e Exercise 5 - Let M be a Riemann surface whose universal
cover is the unit disc f : D — M. Let p(z)|dz| denote the
induced Poincaré metric on M on a local coordinate system
with 2o corresponding to the center 0 of disc. Use the Schwarz
Lemma to show

(1—¢?)
(Set

1
plz) = TEo)




